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A BSTRACT
Real-world tasks are often compositional and possess causal structure over component subtasks that is independent of a particular environment and the corresponding low-level observations. While rewards provide a natural way of controlling the behaviour of an agent solving such tasks, under the standard Markov
assumption immediate rewards depend only on the current state and action. In
contrast, if rewards have complex causal dependencies on the agent’s history (such
as collection of specific rewards or completion of previous subtasks), the Markov
assumption either forces the state representation to encompass the whole history
of the agent, or necessitates finding an effective way of compressing this history
into a belief state on which to act. It is not clear how to achieve this while also
allowing better generalization to novel environments, where one intuition is that
using disentangled causal factors to capture the underlying generative process of
a task is the beneficial approach. To address this problem, we propose a memory
based meta-learning architecture that allows transfer of task structure through a
dual approach: by basing predictions about rewards (including subtask completions) on an external memory indexed by a learned task decomposition, while also
learning to infer and represent permutation invariances between different subtasks
and rewards. This representation of causal and temporal dependencies allows the
transfer of the task structure to novel environments, while also enabling the algorithm to trade off visiting currently rewarding states against long-term consequences.
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I NTRODUCTION

What could be more pleasant than inviting over one’s friends for a well-organized dinner party to a
new home? While certainly desirable, such feats of human organization and knowledge transfer are
hard to capture algorithmically, as they rely on complex structural knowledge about the task at hand,
allowing one to accomplish it more-or-less successfully even after relocating to a new flat, country,
or continent. In our particular example, organising a dinner party relies, among other things, on the
knowledge that food should (mostly) be prepared before guests arrive, and that shopping needs to be
done before cooking. But also that shopping for ingredients itself is a (mostly) order-independent
process, allowing us to plan the most efficient route within and between stores and their aisles,
whereas cooking a recipe (mostly) requires following steps in strict order. More generally,machines
autonomously performing sets of tasks will need to be able to reason about the temporal and causal
dependencies and invariances involved to be able to solve these efficiently across varied environments.
In this paper we explore a memory-based meta-learning approach to learn to represent different
phases, or ’task states’ of compositional tasks, and the relationships between these task states, in
order to successfully complete tasks with shared structure across different settings. In particular, we
use a memory-augmented neural network (Santoro et al., 2016) as a generative model to represent
task states as well as order-dependency, predict eligible subtasks and rewards, and plan ahead to
complete subtasks in the order promising of the highest total return.
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2

BACKGROUND

Markov Decision Processes (MDPs) have been successful as a model for solving many simulated
and real-world problems while using reward functions obeying the Markov property, where the reward distribution is a function of the current state, action and arrival state only. It has long been
observed, however, that natural rewards guiding human and animal behaviour, or determining desirable performance criteria in robotics can often be non-Markovian (Bacchus et al., 1996; Littman
et al., 2017) when specified using intuitive, tractable state spaces. In the case of Non-Markovian
Reward Decision Processes (NM-RDPS), one approach to this problem is to use the entire history
of the agent as an extended state space on which to define the reward distribution, however this is
clearly problematic because of the resulting combinatorial explosion. Earlier work has thus focused
on learning a minimal extension of the state space that makes rewards Markovian, using the formulations of linear temporal logic, or finite state automata (Li et al., 2016; Camacho et al., 2017;
Brafman et al., 2018; Icarte et al., 2018). While the motivation behind most of such work is to reduce the size of the extended state space to mitigate its effect on the sample complexity of learning
a particular task, here we focus expressly on generalization, namely, learning the structure of the reward function for a family of tasks. In the next sections we outline our approach, its relationship to
learning state space models and causality, and describe our implementation as a factorized recurrent
neural network.

3
3.1

M OTIVATION
S EMI -M ARKOV TASK STATES

The core of our approach is to augment the state space of a task specified by a non-Markov reward
function (NMRF) using an explicit task state variable. This allows us to segment the task into subparts in a generalizable way, such that future rewards are independent of the history during previous
task states, when conditioning on the current task state. This idea is related to so-called semi-Markov
options (Sutton et al., 1999), where the termination condition is a function only of the history during
the execution of the option. Hence we refer to this type of segmentation as semi-Markov task states.
Unlike in the case of options, however, the task states are inherent in the structure of the task itself,
and not simply a way to define temporal abstraction over actions. We make the assumption that
the true reward function at a specific time is always expressible as a function of the task identity
Tt and the complete state and reward history during the episode H = (s0 , s1 , r1 , ...st, rt ) history,
where we leave out the history of actions for convenience and condition rewards on the arrival state,
though these assumptions are not central to our approach. Given this assumption, we desire the
decomposition of the task into task states to be generalizable and minimal, in the sense that we
describe below.
Intuitively, to learn a general task schema, we want the transition between task states to depend as
much as possible on general features (such as collecting a certain number of rewards signalling the
completion of some subtask), and as little as possible on features specific only to the current environment, such as sensory features attached to the rewards, or the states visited to acquire them. In our
original example, if we learned that shopping is an order-independent task state of collecting n items
on the shopping list, we know to transition to the next task state after n reward signals, independently
of the order in which we picked up the items, or the specific sensory stream that accompanied the
experience. At the same time, the local history during the ’shopping’ task state is sufficient for guiding the collection of rewards by keeping track of the items already bought and providing information
about where the remaining items might be. This way we are not forced into an unnecessary ordering
of collecting rewards/completing subtasks that is present in some previous work (e.g.(Andreas et al.,
2017)), unless this ordering is actually important for solving the overall task. The resulting invariance enables generalisability, since we can learn structure that is independent of specific features, as
well as a policy that can exploit the invariance to plan more efficient trajectories in the state space,
and should therefore be encouraged as part of the objective in the multi-task learning setting. In
contrast, if the lower-level details of a subtask (as represented by reward features or state visitations)
are important for the evolution of the reward function, these should also factor into task state transitions, creating an order-dependent evolution of task states. This, however, might result in having to
evaluate the effect of an exponentially growing number of different orderings on the evolution of the
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reward function when planning, and limited generalisability for a different setting of sensory/reward
features in a new instantiation of the task.
3.2

O RDER - DEPENDENCE AND INVARIANT PREDICTION

This objective also corresponds to identifying variables that provide invariant predictions across
environments as suggested in (Peters et al., 2015). The notion of environments in this case encompasses both different task instantiations, as well as the different interventions by the agent
through its actions and collecting rewards. As the agent interacts with the same task instantiation across several episodes, and stores these interactions in memory, this information, together
with knowledge of the task structure, allows the agent the ability of counterfactual reasoning about
task-policy combinations it never encountered. In particular, the permutation invariance inherent in
order-independent subtasks, and found in the overall task structure can allow the agent to predict
non-Markovian rewards without previous experience of the same evolution of the reward function.
Further, it can lead to identifying the corresponding orderings as non-causal, and therefore unnecessary for reward-prediction in the future. In other words, the order in which rewards are collected
in an order-independent subtask can be set arbitrarily, without influencing downstream rewards, and
therefore does not lead to invariant predictions in the sense of a potential causal factor. For a detailed
discussion relating invariant predictions and causality, we refer the reader to (Peters et al., 2015).
We use these insights into the desirable inductive biases and representations to construct a model
that learns task states predicting rewards in an NM-RDP, while encouraging generalizability by
regularizing the flow of specific information into the task state transition process.

4

A LGORITHM AND I MPLEMENTATION

We implement the learning of task states in a neural generative model using a recurrent implementation of the variational auto-encoder (VAE) framework (Kingma & Welling, 2013; Rezende et al.,
2014). The model learns a factorized state space model (Dynamic Bayesian Network) that handles
an external memory, similarly to previous approaches implementing a generative temporal model
with external memory to make sensory predictions (Gemici et al., 2017; Fraccaro et al., 2018), predict returns for better RL (Wayne et al., 2018), or generalize structural knowledge (Whittington
et al., 2018).
4.1

G ENERATIVE MODEL

The agent’s generative model (Fig. 1a,b) predicts rewards in the arrival state and can be used to
construct reward maps for the environment to select actions. The generative model factorizes as
pθ (r≤T , c≤T , g≤T |s≤T ) =

t=T
Y

pθ (gt |gt−1 , rt−1 )pθ (ct |ct−1 , gt , Kt , rt−1 )pθ (rt |ct , Mt , st ),

t=1

where c is the task state (implemented as a vector) and M a memory of transitions (including previous episodes) indexed by task state. The scalar g is a gating variable that gates the effect of state
information on the task state c, with this state information being represented by a compressed statereward history K (implemented as the hidden unit of an LSTM with parameters θK ). Thus the task
state moves forward given the reward in the current step, and optionally the identity of the reward
as signalled by the state information, as would be desirable in order-dependent parts of a task where
differences in histories can lead to very different future predictions. All of the transition densities
were modelled as Gaussians with diagonal covariances, with the means and covariances computed
by MLPs. Both K and M are deterministic, in the sense that new transitions are added in a deterministic manner without any sampling. The predictive densities for rewards come from using the
task state variable ct and arrival state st+1 as keys to the memory Mt to retrieve sufficient statistics from the current and previous episodes, which are then passed into a small MLP (the reward
network with parameters θr ) to give the parameters for a scalar Gaussian density. In line with our
motivation above, the current task state ct at time t in episode et retrieves memories from the current
episode (working or short-term memory) and previous episodes (long-term memory) using cosine
similarity attention, to condition predictions using the part of history under similar task states, in
3
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Figure 1: a, Generative model of rewards r using task states c and memory M . Circled letters denote
stochastic variables, whereas boxed letters are deterministic. While we show arrows from the state s
to the reward r, this influence also goes through the memory, playing the part of attention keys. K is
a deterministic recurrent neural network summarizing state-reward information, and g-s are ariables
gating the flow of this information into the task states c. b, External memory storing transitions from
current and previous episodes. c, Inference network. Dashed arrows indicate optional computations
helping the inference e.g. by retrieving values of past task states c from the memory using r and s
as keys.

a soft way. We used a set of three sufficient statistics as input to the reward network. First, from
previous episodes, the weighted sum of rewards retrieved using the keys ct and st per episode, averPe=e −1 P
aged over episodes, et1−1 e=1t
k sim(ct , ce,k ) · sim(st , se,k ) · re,k . Here sim denotes cosine
similarity, and the first and second subscripts are episode number and timestep respectively. Second,
the maximum reward retrieved with the keys of ct and st across all previous episodes in the memory
maxe<et ,k sim(ct , ce,k ) · sim(st , se,k ) · re,k , where eP
t is the current episode. And third, the sum of
rewards already collected during the current episode k sim(ct , cet ,k ) · sim(st , set ,k ) · re,k . This
gives us the flexibility to predict locally non-Markovian rewards, e.g. rewards that can be ‘picked
up’ once, or that deplete according to some well-defined rule, or indeed are Markovian.

4.2

I NFERENCE MODEL AND TWO - FILTER SMOOTHING

We approximate the intractable filtering and smoothing posteriors, qφ (g≤t , c≤t |r≤t , s≤t ) and
qφs (ct |r≤T , s≤T ) respectively using variational inference with auto-regressive posteriors. Smoothing is necessary in our model since later rewards are causally dependent on earlier ones, therefore a
fully informative inference over task states and order dependence is only possible once we observe
future consequences. While at the action selection step we can only use the prior distribution over
iltered
the task state as computed from the previous, filtered posterior pθ (ct |cft−1
, rt−1 , gt , Kt ) we use
the smoothing posterior to overwrite the corresponding filtered ones in the memory M at the end of
each episode. This way, we are able to make better inferences over the task states and plan more
optimally on later episodes. In our implementation with recurrent neural networks, it will be important to be able to compute a per-step variational lower bound (ELBO), so we use a variational
implementation of a two-filter smoother (Briers et al., 2004), where the smoothing posterior at time
t is computed using the product of two independent (a forward and backward) filters. The form of
the variational filtering and smoothing posteriors is given in the Supplementary Information.
The VAE framework then allows us to represent the component conditional densities by neural
networks, sample the stochastic variables, and jointly optimize the generative, posterior, smoothing,
LSTM (for computing K), and reward network parameters. We maximize two separate ELBOs, the
filtering ELBO at every step of the agent wrt. parameters θ, θr , θK and φ, and a smoothing ELBO at
the end of the episode when we run the backward information filter to the beginning of the episode,
and optimize wrt. parameters θ, θK and φ2 .
4

Published as a conference paper at ICLR 2020

4.3

REWARD MAPS , CONTROL , AND PLANNING

To test the effectiveness of this framework, we use a heuristic strategy for control and planning.
Rather than applying Q-learning anew for each task and task state, we will compute an approximation based on the successor representation (Dayan, 1993). If, for example, rewards are determined
by the arrival state r ≡ r(s0 ), this framework allows the computation of the value function as the
product of expected state occupancies, and a linear weight vector w obeying r(s0 ) = Φ(s0 ) · w,
where Φ(s0 ) is the state embedding of s0 . Though the non-Markovian nature of the reward function
violates the assumptions under which this factorization normally holds, this estimate still provides
a suitable heuristic for control that quickly adapts to new reward locations, without attempting to
exactly solve e.g. the travelling salesman problems that can arise in our problem setting.
To instantiate a successor representation based approach, our generative model can predict a reward
rp (s) given a hypothetical visit to any state s, given a current task state ct . We can therefore approximate, by cycling through previously visited states as a form of replay, a conditional linear reward
map wt , such that the reward expected for visiting state s0 during the current task state ct and with
memory Mt is rp (s0 ) = Φ(s0 ) · wt .
We can further define a value function for the task state c, V (c, s, hc ), where hc is the history
during the task state c. When learning this value function in practice (using an MLP), we replace
c
the
P history h with the estimate of collected rewards during task state c, retrieved from the memory:
(c
·c
k t et ,k )·re,k . Our forward dynamics model over the task states also allows for planning in this
abstract space (Oh et al., 2017; Silver et al., 2017), by imagining the consequences of visiting a state
s0 , receiving reward r and transitioning to task state c0 . Importantly, the value of the gating variable g
determines the extent to which planning over task states is necessary: in case of order-independence,
the consequences of different orderings on future task states do not need to be compared. We use
the approximate relationship V (c, s, hc ) ≈ rp (s0 ) + V (c0 , s0 , ∅), and add the product of g and the
imagined value, g ∗ V (c0 , s0 , ∅) to the predicted immediate reward rp (s0 ) when learning the reward
map wt through ‘replay’.

5

E XPERIMENTS

We ran simulations on 8 by 8 (5 by 5 for Task 3) tabular grid-world environments under three
conditions (Fig. A1). In Task 1, the sequential task, three identical reward items (each worth
5 points) appeared sequentially in predetermined order. Each item (except the first) only appeared once the previous one was collected, and was removed by the agent stepping onto the
corresponding grid in the environment and collecting the corresponding number of points. The
location of all three rewards changed every 30 episodes. Reward locations were not signalled
to the agent, but task changes were signalled, and the memory wiped at those points, so there
was no interference from previous tasks. In the order-independent task, Task 2, three rewards
(each worth 5 points) at distinct locations were concurrently available at the beginning of the
task, and a fourth (worth 10 points) appeared once all of these were collected and removed,
in any order. Finally, in the order-dependent task, Task 3, the last reward only appeared if
the first three were collected in a particular, randomly determined order. For all tasks, returns
were calculated using a discount factor of γ = 0.99, and episode-lengths were capped at 100.
Figure 2 shows the results compared to controls using double Q-learning and the A3C algorithm, with the number of runs n = 5 in all
cases. Further, we also found that as expected,
the absolute value of g was indeed on average
much larger during task 3 and smallest in task
2.

6 R ELATED
W ORK AND C ONLCUSION
We introduced a framework to decompose a
task depending on its temporal subtask depen-

Figure 2: Results of the experiments: a, Sequential task. b, Order-independent two-stage task. c,
5Order-dependent two stage task.
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dencies in a generalisable way using a neural
state space model. Unlike previous works we
don’t assume predefined policies for subtasks
(Sohn et al., 2020), a set propositional symbols
corresponding to important events (Icarte et al.,
2018), or entrenched orderings (Andreas et al.,
2017) and in ongoing work we are focusing on
the implementation of more sophisticated control approaches. Finally, other recent approaches focusing on restricting information flow for generalizable hierarchical reinforcement learning (Goyal
et al., 2020) also offer further potential for a fruitful synthesis of ideas.
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A

S UPPLEMENTARY I NFORMATION

A.1

P OSTERIOR DISTRIBUTIONS AND FORM OF THE VARIATIONAL BOUNDS

The variational filtering posterior is given by

qφ (g≤t , c≤t |r≤t , s≤t ) =

τY
=t

qφ (gτ |gτ −1 , cτ , rt−1 , rt ) · qφ (cτ |cτ −1 , gτ −1 , Mt , st , Kt , rt−1 , rt ),

τ =1

whereas the smoothing posterior for c is given by
qφ,φ2 (ct |r≤T , s≤T ) ∝ qφ (ct |r≤t , s≤t )·
Z
τ =t+2
Y
qφ2 (ct |c̃t+1 , Mt , rt , rt+1 ) ·
qφ2 (c̃τ −1 |c̃τ , Mτ −1 , rτ −1 , rτ ) · qφ2 (c̃T |rT )dc̃,
τ =T

where qφ2 (c̃τ ) are the (independently) computed information filter posteriors using backward filtering.
From Jensen’s inequality we have:
log pθ (r≤T |s≤T ) ≥ Eqφ (g,c≤T |r,s≤T )

log pθ (g, c, r≤T |s≤T )
,
log qφ (g, c≤T |r, s≤T )

and the filtering variational lower bound is given by
F=

T
X

h
EQtτ =1 qφ (g,c≤τ |r,s≤τ ,g,c<τ ) log pθ (gt |gt−1 , rt−1 ) + log pθ (ct |ct−1 , gt , Kt , rt−1 )+

t=1

log pθ (rt |ct , Mt , st ) − log qφ (gτ |gτ −1 , cτ , rt−1 , rt )−
i
log qφ (cτ |cτ −1 , gτ −1 , kt , rt−1 , rt ) ,

where the dependence on st is always realized through a retrieval of memories from Mt , rather than
directly feeding the state into the generative/recognition networks. We maximize this ELBO minus
a regularization penalty term for the norm of g.
The smoothing ELBO is given by
F=

T
X
t=1

h
s
EQtτ =1 qφ,φ

2

(g,c≤τ |r,s≤T ,g,c<τ )

log pθ (gt |gt−1 , rt−1 ) + log pθ (ct |ct−1 , gt , Kt , rt−1 )+

s
log pθ (rt |ct , Mt , st ) − log qφ,φ
(gt |gt−1 , ct , rt−1 , rt )−
2

i
s
log qφ,φ
(ct |ct−1 , gt−1 , r≤T , s≤T , MT ) .
2
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Figure A1: Illustration of the tasks used for our experiments
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